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摘  要: 为了生成不规则嵌片排列紧凑的马赛克图案, 提出一种基于圆组排列的平面马赛克模拟方法. 首先借助嵌
片多边形的直骨架得到一组逼近嵌片轮廓的圆; 然后以圆半径的平方为权值, 在平面上生成关于圆组的 Power 图, 
使每组圆各自对应一个 Power区域; 最后采用松弛法, 将圆组在其对应 Power区域内尽可能增长到最大. 通过不断迭
代生成 Power 图和放大圆组, 最后得到嵌片紧凑排列的结果. 实验结果表明, 该方法得到的马赛克图案有较高的覆
盖率, 能适应不同嵌片, 具有较强的鲁棒性和灵活性. 
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Abstract: To produce the mosaic patterns with compact arrangements of irregular tiles, this paper proposes a 
flexible method for mosaic synthesis, which is based on a circle group packing algorithm. First, we create a 
group of circles to approximate the contour of each tiles, resorting to its straight skeleton. Next, the power dia-
gram is generated by setting the weight of each site as each circle’s squared radius, and each circle group has 
its corresponding power region. Finally, all circle groups are magnified in their power regions by a relaxation 
method. By generating the power diagram and magnifying the circle groups iteratively, we get a compact 
packing of the tiles. The experiment results show that, our method is able to generate mosaic patterns with high 
coverages and arbitrary tile shapes, and it has good robustness and flexibility. 
 
Key words: mosaic synthesis; circle group packing; power diagram 
??????????????? , ???
????????? , ?????????? . 
Opus Palladianum[1]?????????????
??, ????????????????, ??
?????? . ??????????????
??? , Opus Palladianum[1]????????  
? 7? ?  ?, ?: ???????????????? 1217 
 
     
      
??????; ?????????, ?????
???????????? , ????????
??????????????????. 
?????????? , ????????
???????? , ????????????
???????????????. Hu ?[2]??
??????????????, ???????
???????? Voronoi ?; ????????
??????????, ???????????
?? Voronoi ??????, ?????????
Voronoi???????, ??????????. 
?????????, ??????, ???
?????????? , ??????????
???. ?????????? 2???: ???
?????????? , ??????????
??, ????????????; ??????
??????, ???????????. ???
??? 2???. 
?? Hu ?[2]???????????, ??
??????????????? Power?, ??
?????????????????? Power
?????. ??????????, ?????
??????????????? , ?????
???. ???? Power???????????
??, ??????????????????. 
?????????? , ??????????
???????, ????????????. 
1  相关工作 
1.1  不规则多边形填充 
???????????????????
?????????????? , ??????
????????, ?????????. ???
?????????????? , ??????
??????????. ????? NP-hard ? 
?[3]. Dowsland?[4]? Bennell?[5]???????
?????????????????? . ??
????????????; Lu?[6]? Power??
??????????; Hu ?[2]???????
??????????? Voronoi ??, ????
???????????????????? ; 
Reinert?[7]????Voronoi???GPU??, ?
????????????????. 
1.2  圆覆盖多边形 
?????????????????? . 
Macri ?[8]???????????????, ?
????????????????? , ???
???????. Zhang ?[9]?????????
????, ??????????????, ??
??????????. Rocha?[10]??????
???????????????????? , 
?????????????? . ??????
?????????????????????
?????, ??, ?????????????
????????????. 
1.3  计算模拟马赛克 
????????????????, ???
???, ??????????????????
??. Liu ?[11]???????????????
??????. Kim?[12]???????????, 
???????????????????. ??
?????????????????, ????
???. ????[13]???????? Voronoi ?
?? , ??????????????????
??. Zhang?[14]??????????????
????? , ???????????????
?????????. Lai ?[15]????????
?????? , ??????????????
????????????. 慜?? ?[16]????
????????????? , ???????
?????????????????. Battiato
? [17]????????????, ??????
???????????????.??????
?????????, ???????????. 
2  问题描述 
?????????????? M ????
?????   1mi iS S  , ??, M ???????
??? . ???????? iS , ???????
?????? iC ????????????. ?
?, ???????????????? M ??
?????   1ni iO O  ???????????
???   1ni iC C  , ??, ??????   1ni iO O 
? M ? n???? , ??????? , ????
???????; ??????????? iO ??. 
1218 ????????????? ? 30? 
 
     
      
?????????????????????
???? 1{( , )}mi j iP Θ  , ?? , iP ???? S   
1{ }
m
i iS  ???????? ; iΘ ??? iP ????
???, ???????????????. ??
??????????????????? , ?
?????????????????????
????????, ????????????.  
?????????? n , ???????. 
?????????????? , ??????
??????????????????? . ?
???? , ????????????????
?????, ????????????. ???
???, ?????????????, ????
????? 1.0. 
3  算法概述 
????????????????? , ? 
????????????, ?????????
????; ??, ?? Power ?????, ???
?????????, ??? Voronoi ?????
???????????. ??????, Power
????????????? Power??.  
算法 1. ??????? 
??. ??????? M , ???????
??? α , ????? 1 2{ , , , }mS S S S   
??. M ????????. 
Step1. ???????? , ?????? C   
1, 2, ,{ , , , }j j m jC C C . 
Step2. ????, ????????? M ?. 
Step3. ?? Power?. 
Step4. ?????. 
Step5. do 
     ?? Power?. 
     ????????. 
     while??????? averages α  
? 1????? 1???????. 
 
     
a. ??? b. ?????? c. ???? 5? d. ???? 10? e. ?????? 
 
? 1  ?????? 
 
4  嵌片排列优化算法 
4.1  圆组填充算法 
???????????????????
??????, ?????????????. ?
????????????? , ???????
???????, ?????????????. 
????????????????: ??
???????? P , ???????? τ??
?, ??????????? P . ???? P?
???[18], ?????????? k?? P??
?????? . ??????????????
??: ????????, ????; ?????
??????, ????????; ?????, 
?? 2 ??????? 1r ? 2r , ???? d , ? 
  11 2max ,
d U
r r
 ?   
1 2
2
1 2
min ,
max ,
d r r
U
r r
   
?, ????????. ??, τ???????
????? P ?????????? , ????
????????? ; k ??????????
?, ????????? k?????; 1U ? 2U
???, ??????????. ???????
???????.  
 
    
a. ????? P      b. ??????? 
   
c. ??????????   d. ???????? 
? 2  ????????? 
? 7? ?  ?, ?: ???????????????? 1219 
 
     
      
4.2  初始化嵌片位置 
??????????????? , ???
????????????, ????????? 
Step1. ????? M ????? n ????, ?
???[19]??????????, ????????
???, ????????????, ?? 2 ????
????, ????????????.  
Step2. ????????? n, ??? n????; 
????????? n, ???????, ?????
??????? n.  
Step3. ???????????????? n ?
????????????. 
??????????? 1{ }ni iA  , ?????
MA , ??    0 M 1ni i iiA A n A n A      ??
??????????. ??, 0iA ?? i????
???????? ;  ????? , ?????
?? 0.3. ??????: ??????????
?????????????????? , ??
??????????????????. 
4.3  Power 图 
Power ?? Voronoi ????[20], ?????
? Voronoi ?. ? D??? D ????????
??? 1{ , , }mV v v  , ???? Div  ????
0iw . D ??? 2? v? iv ? Power?????
2
w ( , )i i id v v w     , ??,  ???????
?. ?? D ????? iv ? Power ??????
? { }j iv V v  ?? v??? wiv , ? w {i Dv v    
w w( , ) ( , ), }i j jd d V      , ?? D ?????
??, ?????????V ? D ?? Power?. 
????? 2 ?, ???? iw ?? iv ???
?? iv ???? iw ??. ?? 2 ??????
Ω , Ω ????? 1{ , , }mV v v  ??????
1{ , , }mW w w  , ? Power???? wPower PowerΩ v ∩ 
Ω . ???? , Voronoi ??????????
Power ?. ? 3 ??? Voronoi ?? Power ???
????. 
? Voronoi ??, ????? Voronoi ???
?? 2?????????. ?? Power??, ?
?????, Power?????? 2??????
???, ?????????????, ????
???????, ???????, ? Power?? 
   
a. Voronoi?            b. Power? 
? 3  Voronoi?? Power?????? 
 
??. ????, ??? Voronoi?, Power???
????????, ???????. ?????
???? Power???, ???? 2????. ?
?????M ?????? Power?. 
4.4  嵌片填充最优化 
??????? M ???????, ???
?????????????????????. 
??????????????????? , ?
??????????????????? . ?
??????, ????????? Power???
?????????, ??, ??????? M
????????????????????
Power ??????????. ? iP??? i??
????????? , iQ ????????
Power ?? . ??? ,1 ,{ , , ,1 }i i i jC C C j J   ?
???? iP , ?? J ? iC ????? . ????
iC ? iQ ?? Power ?, ? 1{ , , }le e ? iQ ??. ?
jE ? iQ ??? ,i jC ? Power ????????, 
?? 4 ??. ,i jC ??????????????
??????, ?? ,i jC ? Power ?? jE ???
???. 
 
 
 
? 4  ????????????? 
 
??????? iC ??????. iC ???
????????? 1 2( , )t tt ?????????
???????? s . ? iC ?????, iC ??
????? iC??? 1 2( , , , )s t t ???????? 
1 2( , , , ),1i iC C s t t i n    . 
1220 ????????????? ? 30? 
 
     
      
?????? , ????????????
????????????????????  
 1 20,
,
maximize ( , , , )
subject to 0
π π1 ,1 , , .
6 6
i j k
i j
k
k j
f s t t s
o
r
i n j J E


 
   
    

    
e
e
e
 
??, ,i jo ???? ,i jC ???; 0ke ???? ke ?
???; ,i jr ????? ,i jC ???. ????, ?
???????????????????? s , 
?? iC ??????; ??, ??? iC ? Power
??? Power???. ????????????
?, ????????????, ???????
 6 , 6π π , ????????. 
???? Knitro ???[21]????????
????????????. 1 2( , , , )s t t ????
???  1,0,0,0 . 
算法 2. ?????? 
?? . ??????? M , M ?????
1 2{ , , , }nC C C , ?????? maxh . 
??. M ??????. 
Step1. curr 0h  . 
Step2.  do 
      ?? Power?? 1( , , )nQ Q . 
        for ???? iC  do 
?? iC ? s??????, ????
1, 2,( , , , )i i i is t t  
         end for 
      while curr maxh h  
Step3. ?????????????. 
5  实验与结果分析 
???? C++?????????, ???
????? Intel® Core™ 2.9 GHz CPU? 12 GB?
???????? . ????????????
OpenMP????????. ?????????
???????. ?????? 100??????
??????????? 5 s. 
???????????????????
??, ??????? s???????? bs , ?
bs s ?, ? bs s . ???????????, ?
?????????, ???????????. 
? 5 ???????????????????
???, ????????????????. 
 
 
? 5  ??????????????? 
 
???????????????????
??, ?????????????, ?????
???????????????. ?? 6???
?, ??????, ?????????????
???????????????, ?? 2???
?????, ???????????????. 
? 7 ???????? Hu ?[2]????????
????. ? Fruits ??????, ??????
???????????. ?? 8??, ????
? Hu ?[2]??????????????, ??
??????????????? , ?????
Hu ?[2]????????????. ?????
?: ???????, ??? Hu ?[2]?????
???????????? bs , ???????
????????. ????????????, 
?????????????, ??????. ?
???????, Hu ?[2]?????????? 
? 7? ?  ?, ?: ???????????????? 1221 
 
     
      
?? Voronoi ?????, ??????????
??; ??????????????, 2 ???
???????? , ????????????
???? Voronoi ?????. ????????
??, ?????????????, ?????
???, ??????????? 9??. 
 
   
a??????????? b. ????????? c. ???? d. ????, ?????? e. ?????? 
 
? 6  ?????????? 
 
Green tiles Fruits Letters Black tiles 
  
a. ???? 
  
b. Hu?[2]??? 
 
? 7  2???????? 
 
 
 
? 8  2?????????? 
 
  
a. ???? 54.3% b. ???? 63.3% c. ???? 76.2% d. ???? 80.0% 
 
? 9  ???????? 
1222 ????????????? ? 30? 
 
     
      
???????????????,????
???????????????????. Au-
toCollage[22]????????????????, 
???????????. Yu ?[23]??????
??????? , ?????????????
?????? , ??????????????
?????, ???? Power?????????
???????? , ????????????
??????. Jing[24]? Yu ?[23]???????
?????????????, ?? Hu ?[2]??
?, ???????????????????. 
??? Jing[24]???, ??? Yu?[23]???
??? , ?????????????????
?, ?????????, ??????????
??, ??????????. ??? Yu ?[23]?
??, ??????????????????. 
??? Jing[24]???, ????????????
??????? , ?????????????
???????? , ????????????
??. ? 10?????????????????. 
 
 
a. Microsoft AutoCollage b. Yu?[23]??? c. Jing[24]??? d. ???? 
 
? 10  ?????? Photo Collage??? 
 
6  结  语 
???? Hu ?[2]????????????
??????? , ?????????????
????, ???????????. ?????
????????? , ???????????
????????????? . ???????
?????????????????? , ??
?????????, ?????????; ??, 
?? Power?????, ???????????
??????. ??? Hu ?[2]????????
??, ????????????????, ??
??????; ??, ??????????, ?
?????????. 
??, ???????????: (1) ???
??????????????? , ?????
???????????????(2) ?????
???? , ????????????????
????, ????, ????????????
??, ????????????????. ??, 
????????????????? , ???
????????????? . ???????
??, ??????????????, ????
?????, ?????, ?????????. 
参考文献(References): 
[1] Jacobsen R A. Mosaics for the first time[M]. New York: Ster-
ling Publishing Company, Inc., 2005: 17-18 
[2] Hu W C, Chen Z G, Pan H, et al. Surface mosaic synthesis with 
irregular tiles[J]. IEEE Transactions on Visualization & Com-
puter Graphics, 2016, 22(3): 1302-1313 
[3] Fowler R J, Paterson M S, Tanimoto S L. Optimal packing and 
covering in the plane are NP-complete[J]. Information Proc-
essing Letters, 1981, 12(3): 133-137 
[4] Dowsland K A, Dowsland W B. Solution approaches to irregu-
lar nesting problems[J]. European Journal of Operational Re-
search, 1995, 84(3): 506-521 
[5] Bennell J A, Oliveira J F. A tutorial in irregular shape packing 
problems[J]. The Journal of the Operational Research Society, 
2009, 60(Sup1): S93-S105 
[6] Lu L, Choi Y K, Sun F, et al. Variational circle packing based 
on power diagram[R]. Hong Kong: The University of Hong 
Kong. Department of Computer Science, 2011 
[7] Reinert B, Ritschel T, Seidel H P. Interactive by-example de-
sign of artistic packing layouts[J]. ACM Transactions on 
Graphics, 2013, 32(6): Article No.218 
[8] Macri M, De S, Shephard M S. Hierarchical tree-based discre-
tization for the method of finite spheres[J]. Computers & 
Structures, 2003, 81(8-11): 789-803 
[9] Zhang W H, Zhang Q. Finite-circle method for component ap-
proximation and packing design optimization[J]. Engineering 
Optimization, 2009, 41(10): 971-987 
[10] Rocha P, Rodrigues R, Miguel Gomes A, et al. Two-phase ap-
proach to the nesting problem with continuous rotations[J]. 
IFAC-PapersOnline, 2015, 48(3): 501-506 
? 7? ?  ?, ?: ???????????????? 1223 
 
     
      
[11] Liu Y, Veksler O, Juan O. Simulating classic mosaics with 
graph cuts[M] //Lecture Notes in Computer Science. Heidel-
berg: Springer, 2007, 4679: 55-70 
[12] Kim J, Pellacini F. Jigsaw image mosaics[J]. ACM Transac-
tions on Graphics, 2002, 21(3): 657-664 
[13] Chen Zhonggui, Ouyang Yongsheng, Cao Juan. Fea-
ture-preserving method for mosaic image generation[J]. Journal 
of Computer-Aided Design & Computer Graphics, 2014, 26(4): 
502-527(in Chinese) 
(???, 昇??? , ?  ?. ?????????????
?[J]. ?????????????, 2014, 26(4): 520-527) 
[14] Zhang L, Yu J H. Image mosaics with irregular tiling[C] 
//Proceedings of the 12th International Conference on Com-
puter-Aided Design and Computer Graphics. Los Alamitos: 
IEEE Computer Society Press, 2011: 155-162 
[15] Lai Y K, Hu S M, Martin R R. Surface mosaics[J]. The Visual 
Computer, 2006, 22(9-11): 604-611 
[16] Lyu Ruimin, Xu Mandi, Liu Yuan, et al. Artistic mosaic ren-
dering using fuzzy color modeling[J]. Journal of Com-
puter-Aided Design & Computer Graphics, 2016, 28(10): 
1688-1698(in Chinese) 
( 慜?? , 頔?? , ?  ?, ?. ????????????
????????[J]. ?????????????, 2016, 
28(10): 1688-1698) 
[17] Battiato S, Di Blasi G, Farinella G M, et al. A novel technique 
for Opus Vermiculatum mosaic rendering[C] //Proceedings of 
the 14th International Conference in Central Europe on Com-
puter Graphics, Visualization and Computer Vision. Plzen: 
UNION Agency, 2006: 133-140 
[18] Cacciola F. 2D straight skeleton and polygon offsetting[OL]. 
[2017-07-07]. 
http://doc.cgal.org/4.10/Manual/packages.html#PkgStraightSke
leton2Summary 
[19] Chen Z G, Yuan Z, Choi Y K, et al. Variational blue noise sam-
pling[J]. IEEE Transactions on Visualization and Computer 
Graphics, 2012, 18(10): 1784-1796 
[20] Aurenhammer F. Power diagrams: properties, algorithms and 
applications[J]. SIAM Journal on Computing, 1987, 16(1): 
78-96 
[21] Byrd R H, Nocedal J, Waltz R A. Knitro: an integrated package 
for nonlinear optimization[M] //Pillo D G, Roma M. Noncon-
vex Optimization and Its Applications, vol 8. 1st ed. Heidelberg: 
Springer, 2006: 35-59 
[22] Rother C, Bordeaux L, Hamadi Y, et al. AutoCollage[J]. ACM 
Transactions on Graphics, 2006, 25(3): 847-852 
[23] Yu Z Q, Lu L, Guo Y W, et al. Content-aware photo collage 
using circle packing[J]. IEEE Transactions on Visualization and 
Computer Graphics, 2014, 20(2): 182-195 
[24] Jing G M. Image interpolation and image-based content sum-
mary[D]. Hong Kong: The University of Hong Kong, 2015 
 
 
 
 
 
